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Abstract 

We consider the Knizhnik-Zamolodchikov system of linear differential equa- 
tions. The coefficients of this system are rational functions generated by 
elements of the symmetric group S n . We assume that parameter p = ±1. 
In previous paper [5] we proved that the fundamental solution of the cor- 
responding KZ-equation is rational. Now we construct this solution in the 
explicit form. 
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1 Introduction 



1. We consider the Knizhnik-Zamolodchikov differential system (see [3]) 

dW 

^- = pA(z)W, zeC, (1.1) 
where A(z) and W(z) are nxn matrices. We suppose that A(z) has the form 

n-l p 
fc=l 

where z^ze if The matrices are connected with matrix representa- 
tion of the symmetric group S n and are defined by formulas (2.1)- (2.4). 
Remark 1.1. Equation (1.1) is one of the equations belonging to the con- 
sistent KZ-system. In section 3 we shall consider the whole KZ-system. 
A.Chcrvov and D. Talalaev formulated the following interesting conjecture 
[2]- _ 

Conjecture 1.1. The Knizhnik-Zamolodchikov system (1.1), (1.2) has a ra- 
tional fundamental matrix solution when parameter p is integer. 
We have proved this conjecture [5] for the case when p = ±1 In the present 
paper we solve the corresponding KZ-equation in the explicit rational form. 
In the case £4 the explicit solution was constructed in paper [6]. 

2. In a neighborhood of z k the matrix function A(z) can be represented in 
the form 

A(z) = — — + a + ai(z - z k ) + (1.3) 
z — z k 

where a k are nxn matrices. We investigate the case when z k is either a 
regular point of W(z) or a pole. Hence the following relation 

W(z) = ^ ~ *kY, b m ^0 (1.4) 

is true. Here b p are nxn matrices. We note that m can be negative. 
Proposition 1.1. (necessary condition, (see [4]) If the solution of system 
(1.1) has form (1.4) then m is an eigenvalue of pa_\. 

We denote by M the greatest integer eigenvalue of the matrix pa-\. Using 
relations (1.3) and (1.4) we obtain the assertion. 
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Proposition 1.2. (necessary and sufficient condition, (see [4]) If the matrix 
system 

[(q + l)/ n - pa_i]6 9+ i = ^ P a i h ^ I 1 - 5 ) 

j+£=q 

where m<q + 1<M, has a solution b m , b m+ i, bu and b m ^0 then system 
(1.1) has a solution of form (1.4). 



2 Calculation of the rational solution, general 
scheme 

1. We consider the natural representation of the symmetric group S n (see [1]). 
By we denote the permutation which transposes i and j and preserves 
all the rest. The nxn matrix which corresponds to (i; j) is denoted by 

P{iJ) = \pkAhJ)i (2-1) 
The elements Pk,e(i,j) are equal to zero except 

PkA i >j) = 1 , (k = i,£ = j); Pk,e( i ij) = 1 i {k = j,£ = i), (2.2) 

Pfc,fc(i,j') = 1 > ( k ^i,k^j). (2.3) 
Now we introduce the matrices 

P k = P(l,k + l), l<k<n-l. (2.4) 

and the lx(n — 1) vector e = [1, 1, 1] , and nxn matrix 



S = 



2 — n e 
e T 



(2.5) 



Using relations (2.1)-(2.4) we deduce that 

k=n— 1 

T= p k = in- 2)/ n + S. (2.6) 
k=i 

The eigenvalues of T are defined by the equalities 

Ai=ra-1, A 2 = n-2, A 3 = -1. (2.7) 
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The corresponding eigenvectors have the forms 

Vi = col[l, 1, 1], V 2 = col[0, a 1 , a n _i], V 3 = col[(ra - 1), -1, -1]. 

(2.8) 

2. First we investigate equation (1.1) , (1.2) in a neighborhood of z = oo. 
Changing the variable z = l/£ we obtain 

^ = -PB(Z)V(£), (2.9) 

where 

oo 

V(0 = W(1/0 = J2^ G m j^0, |C|<r, (2.10) 



oo 



Here the matrix T is defined by relations (2.5) and (2.6). In view of (1.2) 
and (2.11) the equalities 

n-l 

T p = ^P fc ^ +1 , p>0 (2.12) 
k=i 

are valid. In case p = 1 we have the system 

[(g + 1)4 + T]G q+1 = -J2 TjGe, j>0, q + l>-n + l. (2.13) 

j+l=q 

In case p = — 1 we obtain that 

[(g + 1)4 - T]G q+1 = TjG i} j>0, q +!>-!. (2.14) 

j+£=q 

We need the following assertion (see [5]). 

Proposition 2.1. Let p — ±1. TTien i/ie matrix function W(z) can be written 
in the form 

W(z) = J2^ + Q(z), (2.15) 
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where are nxn matrices, Q(z) is nxn matrix polynomial. 
Using relations (2.10) and (2.15) we deduce that 

n-l 

Y,z{~ l L k = G pi l<p<s, p = ±l. (2.16) 
k=i 

3. Now we can describe the method of calculating the rational solution W(z) 
of system (1.1), (1.2). 

Step 1. From relation (2.13) we find G p (—n + l<p<n — 1) in case p — 1. 
From relation (2.14) we find G p (— l<p<n — 1) in case p = —1. 
Step 2. We find Q(z) with the help of the formulas 

n-l 

Q(z)=J2z q G- q , p=l, (2.17) 

1 

Q(z) = XVG_ ff , p = _i. (2.18) 

Step 3. In view of (2.16) the matrices are defined by the equality 

col[Li, L 2 , L n _!] = M-^olfd, G 2 , G n _i]. (2.19) 
The block matrix M has the form 



M = 



In 

jn-2 , 



jn-2 



In 
Zn—l^n 



J 7 n-z j n-2 j 

1 n ^2 1 n ■■■ ^n—l 1 ™ 



(2.20) 



Together with matrix M we consider the Vandermonde matrix 



Mi 



1 

Zl 



n-2 
z l 



1 

Z2 



~n-2 
z 2 



1 

•• z n-l 

n-2 
■■ z n-l 



The following relation 

detMi = Y[(zi - Zj )^0 (2.21) 

i>j 
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is true for Vandermonde matrix M ± . The matrix N = M 1 = [N i: j] is defined 
by the relations 

N hj = A jti I n , (2.22) 

where the numbers Aj ti are adjoint minors of entries rn^j of the matrix M 1 . 
4. Now we use the described method in the case when p = — 1. The nxl 
vectors 

G-i = G = ... = G„_ 2 = 0, G n _x = col[l, 1, 1] (2.23) 
satisfy relations (2.14). The vectors L k can be chosen in the following form 

L k = a k V k . (2.24) 

We note, that the vectors V k are defined by relation (2.8). Now using formula 
(2.19) we find the numbers 

a k = A^/detM, = (-If+^/fQ^ - Zk ) JJ( Zfc - Zj )] (2.25) 

i>k k>j 

Relations (2.23)-(2.25) imply the following assertion. 
Proposition 2.2. The vector function 

k=n— 1 j 
k=l 

is the rational solution of system (1.1) when p = — 1. 

In order to construct the new rational solutions ifc(-z), (2<k<n — 1) of 
system (1.1) we introduce the vectors 

G_i = G = ... = G„_ 3 = 0, G n _ 2 = col[0,ai,a 2 ,...,a n _i], (2.27) 

where 

a! + a 2 + ... + a n _i = 0. (2.28) 

It follows from (2.14) that 

[(n - l)I n - T]G„_! = T G„_ 2 . (2.29) 
The right hand sight of (2.29) has the form 

TqGu-2 = co\[m, m 1 ,m 2 , m„_i], (2.30) 
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where 

i=n—l 

m= ^2 a i z ^ m k = a k ^2zi. (2.31) 

i=l i^k 

We use the following equality 

T G n „ 2 = [m/(n - 1)]V 3 + col[0, h, b 2 , 6 n _i], (2.32) 
where the vector V 3 is defined by (2.8) and 

b k = m k + m/(n — l). (2.33) 

It is easy to see that 

i=n—l 

bi = 0. (2.34) 

i=i 

Using relations (2.7), (2.8) and (2.29), (2.32) we have 

G n -i = m/[n{n - 1)]V 3 + col[0, b u b 2 , 6 n _i] (2.35) 
In view of (2.19), (2.27) and (2.35) the relations 

L k = 4 = A n _ 2 ,jfcG' n _2 + A>_i ijfc (7 n _i, l<A;<n - 1 (2.36) 

are true. 

Remark 2.1. The following relations 

A n -2,k = -At-i,fc ^ -gj, l</c<n-l, (2.37) 

A,-i lfc = n (^-^) ( 2 - 38 ) 

are valid. 

Formulas (2.27), (2.35)- (2.38) imply the following assertion. 
Proposition 2.3. The vector functions 

Y j (z)= J2 T^V' (2<J<n-l) (2.39) 
— z — z k 

k=i ft 
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are the linear independent rational solutions of system (1.1) when p = — 1. 
Here 

a n -i,j = -1, a/y =0 if j^k + 1, a feife+ i = I. (2.40) 

In order to construct the rational solution Y n (z) of system (1.1) we introduce 
the vector 

G_x = V 3 - (2.41) 
The vector V3 can be represented in the form 

i=n— 1 



l/ 3 = J] AT,, (2.42) 



i=i 



where the entries nij of the vectors iVj are defined by the relations 

= = 1; riij = -2/(n-2), if j^l and if (2.43) 
According to (2.14) the equality 

TG = -Tod (2.44) 
holds. Let us calculate the right-hand site of (2.44): 



i=n— 1 



T G^ = (Y^P k z k )(Y, N d ( 2 - 45 ) 
fc=i i=i 

Using relations 

P k N s = P s N k , (2.46) 

we have 

i=n—l 

T0G-1 = T z i N i- ( 2 - 47 ) 
i=i 

It follows from formulas (2.44) and (2.47) that 

i=n— 1 

Go = - ZiNi - ( 2 - 48 ) 

To find Gi we use the relation 

(I n - T)Gi = T G + TiG_i. (2.49) 



Equalities (2.45)-(2.47) imply that the right-hand site of (2.48) has the form 
T G + TiG-i = J2( z k ~ ztfPkNi. (2.50) 

k>l 

The vector P k n = P k N^ can be represented as the linear combination of the 
vectors V 2 and V3: 

P U = U + U k/ (2.51) 

where 

U = -2/[(n - l)(n - 2)]V 3 , (2.52) 
U k ,e = V 2 = col[0, a hk/ , a 2 , k ,e, -, a n -i,kA- (2.53) 
Here a Ptk ^ are defined by the relations 

2 2 2n 

a P , k ,e = --1 7W7 TT = -7 7*? 77 if P^kJ. (2.54) 

n — 2 (n — 2)(n — 1) (n — 2)(n — 1) 

If p = k or p = £ we have 

- 1 2 _ n ( n ~ 3 ) , rr\ 

(n — 2)(n — 1) (n — 2){n — 1) 
From formulas (2.49)-(2.55) we deduce that 

Gi = J>* - ^) 2 G M , (2.56) 
fc>^ 

where 

G M = ]-U + — !— l/ M . (2.57) 
2 6 — n 

Let us represent the vector G k g as linear combination of the vectors iVj (see 
(2.44)): 

n-l 



G M = ]T&, M iV s . (2.58) 



s=l 



According to (2.58) we have 



n— 1 



£>.M = 0> (2.59) 



s=l 
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n — 2 m — 1 ){n — 2 n — 3) 

If p = £ or p = k then the equality 

- ^2 E + /W = 2) ( 2 - 61 ) 

is true. From relations (2.59)-(2.61) we deduce that 

/?pA ' = (n- lKn-2) ' (2 ' 62) 

and 

In view of (2.16) the equality 

n-1 



G 1 = ]Tl s , (2.64) 



s=l 

where 

L s = la N a . (2.65) 
In order to find 7 S we represent Gi in the form (see (2.56)-(2.58)): 

n— 1 n— 1 

fc><? s=l s=l 

Hence we have 

Is = ^2(zk - z £ ) 2 p s>k! e . (2.67) 

k>l 

Relations (2. 43), (2. 48) and (2.65), (2.67) imply the following assertion. 
Proposition 2.4. The vector function 

k=n—l j 

Y n (z)= y k — + z G_ l + G (2.68) 
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is the rational solution of system (1.1) when p = — 1. 

Proposition 2.5. Let us consider the case S n when n>3, p = —1. In this 
case system (1.1) has the fundamental rational solution of the form 

k=n 

Y(z) = J2^Y k (z), (2.69) 
k=i 

where c k are arbitrary constants. 

Remark 2.2. It is easy to see that the constructed solutions Yk(z), (l<k<n) 
are linearly independent and satisfy the conditions of Proposition 1.2. 
Remark 2.3. The fundamental rational solution can be represented in the 
nxn matrix form 

W(z) = [Y 1 (z),Y 2 (z),...,Y n (z)}. (2.70) 

Remark 2.4. The explicit solutions for the cases S3 and S4 were constructed 
in papers [5] and [6]. The case p = ±2 for S3 was considered by A.Tydnyuk 
[7] 

We repeat the remark from paper [5]. 

Remark 2.5. Let the matrices Pk be symmetric. If system (1.1), (1.2) has 
a fundamental rational nxn matrix solution W(z), when p = m, then this 
system has the fundamental rational nxn matrix solution Y(z) = [W~ 1 (z)] T , 
when p = —m. (By the symbol Q T we denote the transposed matrix Q.) 
Example 2.1. (Without rational fundamental solution.) 
Let us consider the system 

^ = A{z)W, zeC, (2.71) 
dx 

where A(z) and W(z) are 3x3 matrices. We suppose that A(z) has the form 

A(z) = + ^L. (2.72) 

Z — Z\ Z — Z2 

Here mi and m 2 are integers, z\ 7^2, the matrices P\ and P2 are defined by 
relations (2.1)- (2.4). We introduce the matrix 








mi 


m 2 




T = 


mi 


m 2 





(2.73) 




m 2 





mi 
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The matrix T has the following eigenvalues 

Ai = mi + m 2 , A 2 ,3 = ±\J m \- m i m 2 + mj. (2.74) 

According to results of paper [4] the following statement is true. 
Proposition 2.6. If A 2 and A 3 are not integer , then system (2.71) has no 
rational fundamental solution. 

Corollary 2.1. In case mi = 1, m 2 ^0, 1 system (2.71) has no rational 
fundamental solution. 
Proof. The inequalities 

(m 2 - l) 2 < 1 - m 2 + mj, m 2 > 1, ( 2 -75) 

m 2 2 < 1 -m 2 + (m 2 - l) 2 , m 2 < (2.76) 
imply that A 2j 3 are not integer. In view of Proposition 2.6 the corollary is true. 



3 Consistent System 

In section 1 we have considered only one equation of the Knizhnik-Zamolodchikov 
system. The corresponding system has the form 

dW 

— = pA i (z 1 ,z 2 ,...,z n )W, i = l,2,...ra, (3.1) 

where Aj(zi, z 2 , z n ) and W(zi, z 2 , z n ) are matrices of nxn and nxl 
order respectively. We suppose that Ai(zi, z 2 , z n ) has the form 

A i (z 1 ,z 2 ,...,z n ) = ^ , (3-2) 

where z^zg if k^£. 

Remark 3.1. The following properties of P iy j 
1 P = P 

2. [Pij + P 3:k , P iik ] — 0, i,j,k distinkt, 

3. [Pi j, P k ,e] = 0, i,j,k,£ distinkt 
are well known. 

From properties 1.-3. we deduce directly the following assertion. 
Proposition 3.1. System (3.1), (3.2) is consistent. 
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